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1. Introduction
In our preceding papers [16] – [19] it was shown that for a number of nonlinear partial
differential equations (pdes) with three independent variables Wahlquist–Estabrook
forms of their coverings can be derived from Maurer–Cartan forms of their symmetry
pseudo-groups. In this paper we consider Pleban˜ski’s second heavenly equation, [21],
uxz = uty + uxx uyy − u
2
xy, (1)
describing self-dual metrics in theory of gravitation. This equation can be obtained as
the compatibility condition for the following system of pdes, [8, 1], cf. [21, Eq. (3.13)]:
qt = (uxy − λ) qx − uxx qy, qz = uyy qx − (uxy + λ) qy, (2)
where λ is an arbitrary constant. This condition is equivalent to the commutativity of
the following four infinite-dimensional vector fields
D˜t = D¯t +
∑
i,j≥0
D˜ixD˜
j
y ((uxy − λ) q1,0 − uxx q0,1)
∂
∂qi,j
,
D˜x = D¯x +
∑
i,j≥0
qi+1,j
∂
∂qi,j
, (3)
D˜y = D¯y +
∑
i,j≥0
qi,j+1
∂
∂qi,j
, (4)
D˜z = D¯z +
∑
i,j≥0
D˜ixD˜
j
y (uyy q1,0 − (uxy + λ) q0,1)
∂
∂qi,j
,
where D¯t, D¯x, D¯y and D¯z are restrictions of the total derivatives Dt, Dx, Dy and Dz to
the infinite prolongation of (1). This construction is called a covering, [10] – [13]. Dually
coverings can be defined by means of differential 1-forms called Wahlquist–Estabrook
forms, [22]. For Eq. (1) an ideal of the Wahlquist–Estabrook forms is generated by the
following forms:
ω0,0 = dq0,0 − ((uxy − λ) q1,0 − uxx q0,1) dt− q1,0 dx− q0,1 dy
− (uyy q1,0 − (uxy + λ) q0,1) dz, (5)
ωi,j = D˜
i
xD˜
j
y ω0,0, i, j ≥ 0.
In this work we establish that the form ω0,0 can be derived from Maurer–Cartan forms
of the contact symmetry pseudo-group of Eq. (1).
2. Symmetry pseudo-groups of differential equations
Let pi : Rn × R → Rn be a vector bundle with the local base coordinates (x1, ..., xn)
and the local fibre coordinate u; then by J2(pi) denote the bundle of the second-
order jets of sections of pi, with the local coordinates (xi, u, ui, uij), i, j ∈ {1, ..., n}.
For every local section (xi, f(x)) of pi, denote by j2(f) the corresponding 2-jet
(xi, f(x), ∂f(x)/∂xi, ∂2f(x)/∂xi∂xj). A differential 1-form ϑ on J2(pi) is called a contact
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form if it is annihilated by all 2-jets of local sections: j2(f)
∗ϑ = 0. In the local
coordinates every contact 1-form is a linear combination of the forms ϑ0 = du− ui dx
i,
ϑi = dui − uij dx
j, i, j ∈ {1, ..., n}, uji = uij (here and later we use the Einstein
summation convention, so ui dx
i =
∑n
i=1 ui dx
i, etc.) A local diffeomorphism ∆ :
J2(pi) → J2(pi), ∆ : (xi, u, ui, uij) 7→ (x¯
i, u¯, u¯i, u¯ij), is called a contact transformation if
for every contact 1-form ϑ¯ the form ∆∗ϑ¯ is also contact. We denote by Cont(J2(pi)) the
pseudo-group of contact transformations on J2(pi).
Let H ⊂ R(2n+1)(n+3)(n+1)/3 be an open set with local coordinates a, bik, c
i, f ik, gi,
sij, w
k
ij, zijk, i, j, k ∈ {1, ..., n}, such that a 6= 0, det(b
i
k) 6= 0, f
ik = fki, zijk = zjik = zikj.
Let (Bik) be the inverse matrix for the matrix (b
k
l ), so B
i
k b
k
l = δ
i
l . We consider the lifted
coframe
Θ0 = a ϑ0, Θi = giΘ0 + aB
k
i ϑk, Ξ
i = ciΘ0 + f
ik Θk + b
i
k dx
k,
Σij = sij Θ0 + w
k
ij Θk + zijk Ξ
k + aBki B
l
j dukl, (6)
i ≤ j, defined on J2(pi) ×H. As it is shown in [15], the forms (6) are Maurer–Cartan
forms for Cont(J2(pi)), that is, a local diffeomorphism ∆̂ : J2(pi) × H → J2(pi) × H
satisfies the conditions ∆̂∗ Θ¯0 = Θ0, ∆̂
∗ Θ¯i = Θi, ∆̂
∗ Ξ¯i = Ξi, and ∆̂∗ Σ¯ij = Σij
whenever it is projectable on J2(pi), and its projection ∆ : J2(pi) → J2(pi) is a contact
transformation.
The structure equations for Cont(J2(pi)) read
dΘ0 = Φ
0
0 ∧Θ0 + Ξ
i ∧Θi,
dΘi = Φ
0
i ∧Θ0 + Φ
k
i ∧Θk + Ξ
k ∧ Σik,
dΞi = Φ00 ∧ Ξ
i − Φik ∧ Ξ
k +Ψi0 ∧Θ0 +Ψ
ik ∧Θk,
dΣij = Φ
k
i ∧ Σkj − Φ
0
0 ∧ Σij +Υ
0
ij ∧Θ0 +Υ
k
ij ∧Θk + Λijk ∧ Ξ
k,
where the additional forms Φ00, Φ
0
i , Φ
k
i , Ψ
i0, Ψij, Υ0ij , Υ
k
ij, and Λijk depend on differentials
of the coordinates of H.
Suppose E is a second-order differential equation in one dependent and n
independent variables. We consider E as a sub-bundle in J2(pi). Let Cont(E) be the
group of contact symmetries for E. It consists of all the contact transformations on J2(pi)
mapping E to itself. Let ι0 : E → J
2(pi) be an embedding and ι = ι0 × id : E ×H →
J2(pi) ×H. Maurer–Cartan forms of the pseudo-group Cont(E) can be obtained from
the forms θ0 = ι
∗Θ0, θi = ι
∗Θi, ξ
i = ι∗Ξi and σij = ι
∗Σij by means of Cartan’s method
of equivalence, [2]–[5], [7, 9, 20], see details and examples in [6, 16, 17, 19].
3. Symmetry pseudo-group and the covering of Pleban˜ski’s equation
Following the method outlined in the previous section we find the Maurer–Cartan forms
and their structure equations for the symmetry pseudo-group of Eq. (1). The structure
equations for the forms θ0, θi, ξ
i, i ∈ {1, 2, 3}, read
dθ0 = η5 ∧ θ0 + ξ
1 ∧ θ1 + ξ
2 ∧ θ2 + ξ
3 ∧ θ3 + ξ
4 ∧ θ4,
Symmetry Pseudo-Group and Covering of Second Heavenly Equation 4
dθ1 = (η5 − η1) ∧ θ1 − η3 ∧ θ4 − η6 ∧ θ2 +
1
3
(η5 − 4 η1 + 2 η4 + 3 σ22) ∧ θ3
+ ξ1 ∧ σ11 + ξ
2 ∧ σ12 + ξ
3 ∧ σ13 + ξ
4 ∧ σ14,
dθ2 =
1
3
(η4 − 2 η1 + 2 η5) ∧ θ2 − η3 ∧ θ3 + ξ
1 ∧ σ12 + ξ
2 ∧ σ22 + ξ
3 ∧ σ23
+ ξ4 ∧ (σ13 + σ22 + σ33),
dθ3 =
1
3
(η1 − 2 η4 + 2 η5) ∧ θ3 − η2 ∧ θ2 + ξ
1 ∧ σ13 + ξ
2 ∧ σ23 + ξ
3 ∧ σ33 + ξ
4 ∧ σ34,
dθ4 = (η5 − η4) ∧ θ4 − η2 ∧ θ1 +
1
3
(η5 − 2 η1 + 4 η4 + 3 σ33) ∧ θ2 + ξ
1 ∧ σ14
− (2 η2 + 2 η3 + η6 − 2 σ23) ∧ θ3 + ξ
2 ∧ (σ13 + σ22 + σ33) + ξ
3 ∧ σ34 + ξ
4 ∧ σ44,
dξ1 = η1 ∧ ξ
1 + η2 ∧ ξ
4,
dξ2 = η6 ∧ ξ
1 + 1
3
(η5 + 2 η1 − η4) ∧ ξ
2 + η2 ∧ ξ
3 + 1
3
(η5 − 4 η4 + 2 η1 + 3 σ33) ∧ ξ
4,
dξ3 = 1
3
(4 η1 − 2 η4 − η5 − 3 σ22) ∧ ξ
1 + η3 ∧ ξ
2 + 1
3
(η5 + 2 η4 − η1) ∧ ξ
3
+ (2 η2 + 2 η3 + η6 − 2 σ23) ∧ ξ
4,
dξ4 = η3 ∧ ξ
1 + η4 ∧ ξ
4.
The involutive system of structure equations for this pseudo-group is given in Appendix.
In the next calculations we use the following Maurer–Cartan forms only:
ξ1 = b11 dt+ b14 dz,
ξ2 = v−1 (b11 dx+ b14 dy − (b11 (w − 1) uxy + b14 uxx + b41 v) dt
−(b14 (w + 1) uxy − b11 uyy + b44 v) dz) ,
ξ3 = v−1 (b41 dx+ b44 dy + (b11 v − b41 (w − 1) uxy − b44 uxx) dt
+(b14 v − b44 (w + 1) uxy + b41 uyy) dz) ,
ξ4 = b41 dt+ b44 dz,
η1 = (b44 db11 − b41 db14) (b11b44 − b14b41)
−1 + r1 ξ
1 + r2 ξ
4,
η4 = (b11 db44 − b14 db41) (b11b44 − b14b41)
−1 − r1 ξ
1 − r2 ξ
4,
η5 = − 3 v
−1 dv + η1 + η4,
where b11, b14, b41, b44, v, w, r1, r2 are arbitrary parameters such that b11b44− b14b41 6= 0
and v 6= 0.
Direct computations prove the following
theorem. Either substituting for v = q0,0, b11 = q1,0, b14 = q0,1, w = λ u
−1
xy into the
linear combination
1
3
(η1 + η4 − η5)− ξ
2 − ξ4,
or substituting for v = q0,0, b41 = q1,0, b44 = q0,1, w = λ u
−1
xy into the linear combination
1
3
(η1 + η4 − η5) + ξ
1 − ξ3
yields the form q−10,0 ω0,0 proportional to the form (5), which is the generating form of the
ideal of Wahquist–Estabrook forms of the covering (2) of Eq. (1).
Another approach to computing Wahquist–Estabrook forms of coverings of pdes
from Maurer–Cartan forms of their symmetry pseudo-groups was proposed in [18]. We
hope to apply this to Eq. (1) elsewhere.
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Appendix
The involutive system of structure equations for the symmetry pseudo-group of Eq. (1):
dθ0 = η5 ∧ θ0 + ξ
1 ∧ θ1 + ξ
2 ∧ θ2 + ξ
3 ∧ θ3 + ξ
4 ∧ θ4,
dθ1 = (η5 − η1) ∧ θ1 − η3 ∧ θ4 − η6 ∧ θ2 +
1
3
(η5 − 4 η1 + 2 η4 + 3 σ22) ∧ θ3
+ ξ1 ∧ σ11 + ξ
2 ∧ σ12 + ξ
3 ∧ σ13 + ξ
4 ∧ σ14,
dθ2 =
1
3
(η4 − 2 η1 + 2 η5) ∧ θ2 − η3 ∧ θ3 + ξ
1 ∧ σ12 + ξ
2 ∧ σ22 + ξ
3 ∧ σ23
+ ξ4 ∧ (σ13 + σ22 + σ33),
dθ3 =
1
3
(η1 − 2 η4 + 2 η5) ∧ θ3 − η2 ∧ θ2 + ξ
1 ∧ σ13 + ξ
2 ∧ σ23 + ξ
3 ∧ σ33 + ξ
4 ∧ σ34,
dθ4 = (η5 − η4) ∧ θ4 − η2 ∧ θ1 +
1
3
(η5 − 2 η1 + 4 η4 + 3 σ33) ∧ θ2 + ξ
1 ∧ σ14
− (2 η2 + 2 η3 + η6 − 2 σ23) ∧ θ3 + ξ
2 ∧ (σ13 + σ22 + σ33) + ξ
3 ∧ σ34 + ξ
4 ∧ σ44,
dξ1 = η1 ∧ ξ
1 + η2 ∧ ξ
4,
dξ2 = η6 ∧ ξ
1 + 1
3
(η5 + 2 η1 − η4) ∧ ξ
2 + η2 ∧ ξ
3 + 1
3
(η5 − 4 η4 + 2 η1 + 3 σ33) ∧ ξ
4,
dξ3 = 1
3
(4 η1 − 2 η4 − η5 − 3 σ22) ∧ ξ
1 + η3 ∧ ξ
2 + 1
3
(η5 + 2 η4 − η1) ∧ ξ
3
+ (2 η2 + 2 η3 + η6 − 2 σ23) ∧ ξ
4,
dξ4 = η3 ∧ ξ
1 + η4 ∧ ξ
4,
dσ11 = η7 ∧ θ1 + η8 ∧ θ2 + η9 ∧ θ3 + η10 ∧ θ4 + η11 ∧ ξ
1 + η12 ∧ ξ
2 + η13 ∧ ξ
3 + η14 ∧ ξ
4
+ (η5 − 2 η1) ∧ σ11 − 2 η6 ∧ σ12 +
2
3
(η5 − 4 η1 + 2 η4 + 3 σ22) ∧ σ13 − 2 η3 ∧ σ14,
dσ12 = η7 ∧ θ2 + η10 ∧ θ3 + η12 ∧ ξ
1 + (2 η7 − η9) ∧ ξ
2 + η15 ∧ ξ
3 + η16 ∧ ξ
4 − (η3 + η6) ∧ σ22
+ 1
3
(2 η5 + η4 − 5 η1) ∧ σ12 − 2 η3 ∧ σ13 +
1
3
(η5 + 2 η4 − 4 η1 + 3 σ2 2) ∧ σ23 − η3 ∧ σ33,
dσ13 = (η15 − η8 − η10) ∧ θ2 − η7 ∧ θ3 + η13 ∧ ξ
1 + η15 ∧ ξ
2 + (η16 − 2 η7 + η9 − η13) ∧ ξ
3
+ η17 ∧ ξ
4 − η2 ∧ σ12 +
2
3
(η5 − η1 − η4) ∧ σ13 − η6 ∧ σ23 − η3 ∧ σ34
+ 1
3
(η5 − 4 η1 + 2 η4 + 3 σ22) ∧ σ33,
dσ14 = (η15 − η8 − η10) ∧ θ1 + (η16 + η9 − η13) ∧ θ2 − η8 ∧ θ3 − η7 ∧ θ4 + η14 ∧ ξ
1 + η16 ∧ ξ
2
+ η17 ∧ ξ
3 + η18 ∧ ξ
4 − η2 ∧ σ11 −
1
3
(η5 − 2 η1 + 4 η4 − 3 σ33) ∧ σ12
− 2 (η2 + η3 + η6 − σ23) ∧ σ13 + (η5 − η1 − η4) ∧ σ14 − η6 ∧ (σ22 + σ33)
+ 1
3
(η5 − 4 η1 + 2 η4 + 3 σ22) ∧ σ34 − η3 ∧ σ44,
dσ22 = (2 η7 − η9) ∧ ξ
1 − η10 ∧ ξ
2 + η7 ∧ ξ
3 + (2 η15 − 2 η10 − η8) ∧ ξ
4 − 2 η3 ∧ σ23
+ 1
3
(η5 − 4 η1 + 2 η4) ∧ σ22,
dσ23 = η15 ∧ ξ
1 + η7 ∧ ξ
2 + (η15 − η8 − η10) ∧ ξ
3 + η19 ∧ ξ
4 − η2 ∧ σ22 − η3 ∧ σ33
+ 1
3
(η5 − η1 − η4) ∧ σ23,
dσ33 = (η16 − 2 η7 + η9 − η13) ∧ ξ
1 + (η15 − η8 − η10) ∧ ξ
2 + (η19 + η7 − η9 + η13 − η16) ∧ ξ
3
+ η20 ∧ ξ
4 − 2 η2 ∧ σ23 +
1
3
(η5 + 2 η1 − 4 η4) ∧ σ33,
dσ34 = (η7 − η9 + η13 − η16 + η19) ∧ θ2 + (η8 + η10 − η15) ∧ θ3 + η17 ∧ ξ
1 + η19 ∧ ξ
2 + η20 ∧ ξ
3
+ η21 ∧ ξ
4 − 2 η2 ∧ σ13 − η2 ∧ σ22 −
1
3
(η5 − 2 η1 + 4 η4) ∧ σ23
− (3 η2 + 2 η3 + η6 − 3 σ23) ∧ σ33 +
1
3
(2 η5 + η1 − 5 η4) ∧ σ34,
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dσ44 = (η7 − η9 + η13 − η16 + η19) ∧ θ1 + (η20 − 2 (η8 + η10 − η15)) ∧ θ2 + η18 ∧ ξ
1
− (η9 − η13 + η16) ∧ θ3 + (η8 + η10 − η15) ∧ θ4 + (η20 − η8 − 2 η10 + 2 η15 + η17) ∧ ξ
2
+ η21 ∧ ξ
3 + η22 ∧ ξ
4 − 2
3
(η5 + 2 η1 − 4 η4 + 6 σ33) ∧ (σ13 + σ33)− 2 η2 ∧ σ14
− 2
3
(η5 + 2 η1 − 4 η4 + 6 σ33) ∧ σ22 − 2 (η6 + 2 (η2 + η3 − σ23)) ∧ σ34
+ (η5 − 2 η4) ∧ σ44,
dη1 = η7 ∧ ξ
1 + (η15 − η8 − η10) ∧ ξ
4 + η2 ∧ η3,
dη2 = (η15 − η8 − η10) ∧ ξ
1 + (η19 + η7 − η9 + η13 − η16) ∧ ξ
4 + (η1 − η4) ∧ η2,
dη3 = η10 ∧ ξ
1 − η7 ∧ ξ
4 + (η4 − η1) ∧ η3,
dη4 = (η8 + η10 − η15) ∧ ξ
4 − η7 ∧ ξ
1 − η2 ∧ η3,
dη5 = 0,
dη6 = η8 ∧ ξ
1 + (η7 − η8 − η10 + η15) ∧ ξ
3 + (η9 − η13 + η16) ∧ ξ
4 + 1
3
(η6 − 4 η2 − 2 η3) ∧ η1
+ 1
3
(2 η4 + η5 + 3 σ22) ∧ η2 +
1
3
(η5 − 4 η4 + 3 σ33) ∧ η3 −
1
3
(η4 − η5) ∧ η6,
dη7 = η23 ∧ ξ
1 + η24 ∧ ξ
4 + η7 ∧ η1 − η10 ∧ η2 + 2 (η15 − η8 − η10) ∧ η3,
dη8 = η25 ∧ ξ
1 + η23 ∧ ξ
2 + η24 ∧ ξ
3 + η26 ∧ ξ
4 − 2
3
(2 η8 + 5 η10 − 4 η15) ∧ η1 + η2 ∧ η9
+ 2 (η9 − η13 + η16) ∧ η3 +
1
3
(5 η8 + 8 η10 − 4 η15) ∧ η4 +
1
3
(η8 + η10 − 2 η15) ∧ η5
− η6 ∧ η7 + 2 (η8 + η10 − η15) ∧ σ22 − η10 ∧ σ33,
dη9 = η27 ∧ ξ
1 + η28 ∧ ξ
2 − η23 ∧ ξ
3 − η25 ∧ ξ
4 − 1
3
(12 η7 + 7 η9) ∧ η1 − (3 η8 + 2 η10) ∧ η3
+ η10 ∧ (η6 + 2 σ23 − 2 η2)
+ 2
3
(3 η7 − η9) ∧ η4 +
1
3
(3 η7 − η9) ∧ η5 + 3 η7 ∧ σ22,
dη10 = η28 ∧ ξ
1 − η23 ∧ ξ
4 + η10 ∧ (2 η1 − η4) + 3 η3 ∧ η7,
dη11 = η23 ∧ θ1 + η25 ∧ θ2 + η27 ∧ θ3 + η28 ∧ θ4 + η29 ∧ ξ
1 + η30 ∧ ξ
2 + η31 ∧ ξ
3 + η32 ∧ ξ
4
+ (3 η11 + 4 η13) ∧ η1 + 3 η14 ∧ η3 − 2 η13 ∧ η4 − (η11 + η13) ∧ η5
+ 3 (η12 ∧ (η6 + η8)− η7 ∧ σ11 − η9 ∧ σ13 − η10 ∧ σ14 − η13 ∧ σ22),
dη12 = η23 ∧ θ2 + η28 ∧ θ3 + η30 ∧ ξ
1 + (2 η23 − η27) ∧ ξ
2 + (η24 + η25 + η28) ∧ ξ
3
+ (η26 − η27 + η31) ∧ ξ
4 + 8
3
(η12 + η15) ∧ η1 + (η13 + 2 η16) ∧ η3 −
1
3
(η12 + 4 η15) ∧ η4
− 2
3
(η12 + η15) ∧ η5 + 2 (2 η7 − η9) ∧ η6 − 3 η7 ∧ σ12 − (η8 + η10 + 2 η15) ∧ σ22
− η9 ∧ σ23 − η10 ∧ (3 σ13 + σ33),
dη13 = η24 ∧ θ2 − η23 ∧ θ3 + η31 ∧ ξ
1 + (η24 + η25 + η28) ∧ ξ
2 − (2 η23 − η26) ∧ ξ
3 + η33 ∧ ξ
4
− 1
3
(16 η7 + 8 η9 − 3 η13 + 8 η16) ∧ η1 + η12 ∧ η2 + 2 η17 ∧ η3
+ 2
3
(4 η7 − 2 η9 + 3 η13 − 2 η16) ∧ η4 +
2
3
(2 η7 − η9 − η16) ∧ η5 + 2 η15 ∧ (η6 − σ12)
+ η7 ∧ (σ13 + 4 σ22) + η8 ∧ (2 σ12 − σ23)− η9 ∧ (2 σ22 + σ33) + η10 ∧ (2 σ12 − σ34)
+ 2 (η13 − η16) ∧ σ22,
dη14 = η24 ∧ θ1 + η26 ∧ θ2 − η25 ∧ θ3 − η23 ∧ θ4 + η32 ∧ ξ
1 + (η26 − η27 + η31) ∧ ξ
2 + η33 ∧ ξ
3
+ η34 ∧ ξ
4 + 2
3
(η12 + 3 η14 + 4 η17) ∧ η1 + (η11 + 2 η13) ∧ η2 + 2 (η13 + η18) ∧ η3
− 1
3
(4 η12 − 3 η14 + 4 η17) ∧ η4 +
1
3
(η12 − 3 η14 − 2 η17) ∧ η5 + (η13 + 2 η16) ∧ η6
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+ η7 ∧ σ14 + η8 ∧ (2 σ11 + σ13 − σ22 − σ33)− η9 ∧ (2 σ12 + σ34) + η10 ∧ (2 σ11 − σ44)
+ η12 ∧ σ33 + 2 ((η13 + η16) ∧ σ12 − η13 ∧ σ23 − η15 ∧ σ11 − η17 ∧ σ22),
dη15 = (η24 + η25 + η28) ∧ ξ
1 + η23 ∧ ξ
2 + η24 ∧ ξ
3 + η35 ∧ ξ
4 − 4
3
(η8 − η10 + 2 η15) ∧ η1
+ (2 η7 − η9) ∧ η2 − (2 η7 − η9 + η13 − η16 − η19) ∧ η3 +
1
3
(2 (η8 + η10)− η15) ∧ η4
+ 1
3
(η8 + η10 − 2 η15) ∧ η5 − η6 ∧ η7 + 2 (η8 + η10 − η15) ∧ σ22 − η10 ∧ σ33,
dη16 = η24 ∧ θ2 − η23 ∧ θ3 + (η26 − η27 + η31) ∧ ξ
1 + (2 η24 + η25) ∧ ξ
2 + η35 ∧ ξ
3 + η36 ∧ ξ
4
+ 1
3
(4 η7 − 2 η9 + 5 η16 + 4 η19) ∧ η1 + (η12 + 2 η15) ∧ η2 − (σ13 + 2 σ33) ∧ η7
− (η8 + 2 η10 − 4 η15 − 2 η17 − η20) ∧ η3 −
2
3
(4 η7 − 2 η9 − η16 + η19) ∧ η4
+ 1
3
(2 η7 − η9 − 2 η16 − η19) ∧ η5 − (η8 + 2 η10 − 3 η15) ∧ η6 − (2 σ12 + σ23) ∧ η8
+ (σ22 + σ33) ∧ η9 − (2 σ12 + σ34) ∧ η10 + (η13 − η16 − η19) ∧ σ22 − 2 η15(∧σ12 + σ23),
dη17 = (η23 − η26 + η35) ∧ θ2 − η24 ∧ θ3 + η33 ∧ ξ
1 + η35 ∧ ξ
2 − (2 η24 + η25 + η33 − η36) ∧ ξ
3
+ η37 ∧ ξ
4 + 2
3
(η15 + η17 + 2 η20) ∧ η1 − (4 η7 − 2 η9 + η13 − 3 η16) ∧ η2
− (4 η7 − 2 η9 + 2 η13 − 2 η16 − η21) ∧ η3 −
1
3
(4 η15 − 5 η17 + 2 η20) ∧ η4
+ 1
3
(η15 − 2 η17 − η20) ∧ η5 − (2 η7 − η9 + η13 − η16 − η19) ∧ η6 − (σ12 + 3 σ23) ∧ η9
+ (σ12 − 4 σ23 − 2 σ34) ∧ η7 − (σ13 − σ22 − 2 σ33) ∧ η8 − (σ13 + σ22 + σ33) ∧ η10
+ (σ12 − 3 σ23) ∧ η13 + (σ13 + σ22) ∧ η15 − (σ12 + 3 σ23) ∧ η16 − η19 ∧ σ12 − η20 ∧ σ22,
dη18 = (η23 − η26 + η35) ∧ θ1 − (η25 + η33 − η36) ∧ θ2 − η26 ∧ θ3 − η24 ∧ θ4 + η34 ∧ ξ
1
+ η36 ∧ ξ
2 + η37 ∧ ξ
3 + η38 ∧ ξ
4 + 1
3
(4 η16 + 3 η18 + 4 η21) ∧ η1 + 2 (η14 + 2 η17) ∧ η2
+ (4 η17 + η22) ∧ η3 −
2
3
(4 η16 + 3 η18 − η21) ∧ η4 +
1
3
(2 η16 − 3 η18 − η21) ∧ η5
− (η8 + 2 η10 − 2 η15 − 3 η17 − η20) ∧ η6 − η7 ∧ (σ11 − 2 σ44) + η8 ∧ (2 σ12 + σ14 + 2 σ34)
+ η9 ∧ (σ11 − σ13 − 2 σ22 − 2 σ33) + η10 ∧ (2 σ12 + σ14)− η15 ∧ (2 σ12 + σ14)
− η13 ∧ (σ11 − σ13 − 2 σ22 − 2 σ33) + η16 ∧ (σ11 − σ13 − 2 σ22)− 4 η17 ∧ σ23 − η19 ∧ σ11
− η20 ∧ σ12 − η21 ∧ σ22,
dη19 = η35 ∧ ξ
1 + η24 ∧ ξ
2 + (η23 − η26 + η35) ∧ ξ
3 + η39 ∧ ξ
4 + 1
3
(2 η7 + η19) ∧ η1
− (3 η8 + 4 η10 − 5 η15) ∧ η2 − (2 η8 + 2 η10 − 2 η15 − η20) ∧ η3 −
4
3
(η7 − η19) ∧ η4
+ 1
3
(η7 − η19) ∧ η5 − (η8 + η10 − η15) ∧ η6 − η7 ∧ (σ22 − 2 σ33)
+ 2 (η8 + η10 − η15) ∧ σ23 + (η9 − η13 + η16 − η19) ∧ σ22,
dη20 = (η36 − 2 η24 − η25 − η33) ∧ ξ
1 + (η23 − η26 + η35) ∧ ξ
2 − (η9 − η13 + η16 − 4 η19) ∧ η2
+ (η24 + η25 + η33 − η36 + η39) ∧ ξ
3 + η40 ∧ ξ
4 − 2
3
(η8 + η10 − η15 + η20) ∧ η1
+ 2 (η7 − η9 + η13 − η16 + η19) ∧ η3 +
1
3
(4 (η8 + η10 − η15) + 7 η20) ∧ η4
− 1
3
(η8 + η10 − η15 + η20) ∧ η5 + (η7 − η9 + η13 − η16 + η19) ∧ η6
− 4 (η7 − η9 + η13 − η16 + η19) ∧ σ23 − 3 (η8 + η10 − η15) ∧ σ33,
dη21 = (η24 + η25 + η33 − η36 + η39) ∧ θ2 − (η23 − η26 + η35) ∧ θ3 + η37 ∧ ξ
1 + η39 ∧ ξ
2
+ η40 ∧ ξ
3 + η41 ∧ ξ
4 + 1
3
(4 η19 − η21) ∧ η1 − (η8 + 2 η10 − 2 η15 − 3 η17 − 5 η20) ∧ η2
− 2
3
(η19 − η21) ∧ (4 η4 − η5)− (η7 − η9) ∧ (3 σ13 + 2 σ22 + 2 σ33) + η8 ∧ (2 σ23 − 3 σ34)
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+ (η10 − η15) ∧ (2 σ23 − 3 σ34)− (η13 − η16) ∧ (3 σ13 + 2 σ22 + 3 σ33)
− η19 ∧ (3 σ13 + 2 σ22) + η20 ∧ (4 η3 + 2 η6 − 5 σ23),
dη22 = (η24 + η25 − η36 + η33 + η39) ∧ θ1 + (2 (η23 − η26 + η35) + η40) ∧ θ2 − 3 (η7 + η19) ∧ σ14
+ (η25 + η33 − η36) ∧ θ3 − (η23 − η26 + η35) ∧ θ4 + η38 ∧ ξ
1 + (3 η18 + 2 η21) ∧ η2
+ (2 η23 − η26 + 2 η35 + η37 + η40) ∧ ξ
2 + η41 ∧ ξ
3 + η42 ∧ ξ
4 + 3 η21 ∧ (2 η3 + η6 − 2 σ23)
− 2 (η8 + 2 (η10 − η15)− η17 − η20) ∧ η1 + 3 (η9 − η13 + η16) ∧ (σ14 + σ34)
+ (4 (η8 + 2 (η10 − η15)− η17 − η20) + 3 η22) ∧ η4 + 3 η17 ∧ σ33 − 3 η20 ∧ (σ13 + σ22)
− (η8 + 2 (η10 − η15)− η17 − η20 + η22) ∧ η5 + 3 η8 ∧ (2 (σ13 + σ22) + σ33 − σ44)
+ 3 (η10 − η15) ∧ (2 σ13 + 2 σ22 − σ44).
